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Scaling asymptotics of Szego kernels under 
commuting Hamiltonian actions 

Simone Camosso* 


Abstract 

Let M be a connected dM-dimensional complex projective manifold, and let 
A be a holomorphic positive Hermitian line bundle on M, with normalized 
curvature u. Let G be a compact and connected Lie group of dimension dc, 
and let T be a compact torus of dimension dx- Suppose that both G and 
T act on M in a holomorphic and Hamiltonian manner, that the actions 
commute, and linearize to A. If X is the principal S'^-bundle associated 
to A, then this set-up determines commuting unitary representations of G 
and T on the Hardy space H{X) of X, which may then be decomposed 
over the irreducible representations of the two groups. If the moment map 
for the T-action is nowhere zero, all iso typical components for the torus 
are hnite-dimensional, and thus provide a collection of hnite-dimensional G- 
modules. Given a non-zero integral weight ux for T, we consider the isotypical 
components associated to the multiples kuT, k -|-oo, and focus on how their 
structure as G-modules is reflected by certain local scaling asymptotics on X 
(and M). More precisely, given a hxed irreducible character vq of G, we study 
the local scaling asymptotics of the equivariant Szego projectors associated 
to vg and kvT, for k —)■ -|-cxo, investigating their asymptotic concentration 
along certain loci dehned by the moment maps. 
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1 Introduction 


1.1 The main Theorem 

Let M be a connected dA^-dimensional, compact, complex projective manifold 
and {A, h) be an ample positive Hermitian line bundle on M. We may 
assume that the curvature form of the unique compatible connection Va is 
0 = —2iu, where ca is a Kahler form. Let dVM be the volume form 
associated with 

We put h = g — ioj where g is the induced Riemannian structure. Suppose 
given two connected compact Lie groups G and T, with T a torus, of dimen¬ 
sion do and dr, respectively, and commuting holomorphic and Hamiltonian 
actions jj,^ : G x M ^ M and fjA : T x M ^ M. Thus o fij = iJ,J o 
y{g,t) ^ G X T with moment maps $ 0 , ‘h'p. Assume that both actions uni- 
tarily linearize to A, that is, that they admit metric preserving lifting JjA". 
Let G be the collection of irreducible characters of G and for any ug E G let 
Wg be the corresponding irreducible unitary representation. The action of 
G on A dualizes to an action on the dual line bundle A'^ and the G-invariant 
Hermitian metric h on A naturally induces an Hermitian metric on A'^ also 
denoted by h. 

Let X C be the unit circle bundle, with projection tt : X —)■ M. 
Then X is a contact manifold, with contact form given by the connection 
1-form a. Since G and T preserve the Hermitian metric h on A'^, they act on 
X. Furthermore, as both linearized actions preserve the unique compatible 
connection Va, both actions leave a invariant. 

The actions of G and T on X preserve the volume form dVx = ctAtt* 
on X, whence they induce commuting unitary representations of G and T 
on L^(X), which preserve the Hardy space H{X) = L^(X) fl Ker((9b). 

By virtue of the Peter-Weyl Theorem, we may then unitarily and equiv- 
ariantly decompose H{X) over the irreducible representations of G and T, 
respectively. For every z/g G G we dehne H{X)^^ C H{X) be the maximal 
subspace equivariantly isomorphic to a direct sum of copies of In the 
same way we dehne iL(X)^^. So decomposing the Hardy space of X unitarily 
and equivariantly over the irreducible representations of T and G, we have: 

H(X) = 0 = 0 . (1) 

UQ^G 

Similarly, under the previous assumptions there is an holomorphic Hamil- 
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tonian action of the product P = G x T, and a corresponding unitary repre¬ 
sentation, so that we also have: 


H(X) = 0 (2) 

where = H{X% n 

Under the assumption that 0 ^ <hr, we have that dim(if(X)^^) < -(-cxo 
for each vt £ . 


Definition 1.1 Given a pair ofjrreducible weights vq o,nd vt for G and T, 
respectively, we shall denote by IIug,ut ■ orthogonal 

projector, and refer to its Schwartz kernel as the level {uq, i/rp^-Szegd projector 
of X (with the two actions understood). In terms of an orthonormal basis 

o t given by: 

) j=i 


ffj/(j,!2y I/) ^ ^ ' 




( 3 ) 


In this paper we shall consider the local asymptotics of the equivariant 
Szego kernels YI^g^t) where the irreducible representation of T tends to in- 
hnity along a ray, and the irreducible representation of G is held hxed. To 
this end, we shall use a combination of the techniques in lEB and |P2] . 


Observation 1.2 The smooth function x i—)■ Yly^^ky.^{x,x) descends to a 
smooth function on M. 

Remark 1.3 ITe shall use the following notation for the various eguivariant 
Szego kernels coming into play: 

1 ^ugMt general case, under the action of G x T; 

2 HkvT case of G trivial; 

3 Ilfc in the case of G trivial and T = S^ with = 1; 

4 YiuG,k in the case ofT = S^ and = 1; 

5 HuG,k and 11^ also for the case T = S^ and not necessarily <hT = 1. 
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A key tool used in the proofs are the Heisenberg local coordinates centered 
at X G X (see |SZj ). We denote this system of coordinates by: 

7x : {6, v) e (-vr, +7r) x B2dM (0, 5) H- x + {6, v) G X, 

here B 2 dM{^y^) is the open ball of centered at the origin with radius 
5 > 0. We have that 6 is an angular coordinate along the circle hber and 
V G TmM a local coordinate on M. We shall also set x + v = x + (0, v). Given 
the choice of HLC centered at x G X, there are induced unitary isomorphisms 
T^X = M © and T^M = _ 

Therefore, each equivariant Szego kernel is a smoothing operator, 

with C°° Schwartz kernel given by ([3D. 

We shall make the following three transversality assumptions on the mo¬ 
ment maps: 

10^ d>T(M) and d>r is transversal to the ray M+ ■ ut , so that = 
• vt ) C M is a compact, G x T-invariant and connected sub¬ 
manifold of dimension 2dM + 1 — This is equivalent to requiring 
that the action of T on X be locally free on the inverse of (see 

EH); 

2 0 G is a regular value of so that ^ Af is a 

compact, G x T-invariant and connected submanifold of dimension 
2dM — do', 

3 the two submanifolds and are mutually transversal. 

These conditions imply the following (which is what we shall really be 
using). Since the two actions commute, they give rise to an action of the 
product group P = G x T, which is also holomorphic and Hamiltonian, with 
moment map: 


<hp — ($0) ^ Af —)■ © G = p; 

then 0 ^ <hp(M), and $p is transversal to the ray M+ ■ (O, ut)- In particular, 

AfopT = (®+ ■ (O5 ^ t )) 

is a smooth connected submanifold of M with codimension — 1. 

Leaving aside that here G is not required to be a torus, these hypothesis 
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are similar in nature to the hypothesis in |P2j . applied however to P rather 
than T. Unlike |P2j . where the local scaling asymptotics for representations 
along a ray kvT are considered, we shall study the local scaling asymptotics of 
doubly equivariant pieces of fl associated to pair of representations (z/g, ki/x), 
where only one of the representations drifts to inhnity, while the other is held 
hxed. Let us also remark that when T = and $ 7 ’ = 1, we are reduced 
to considering the isotypical components of the spaces of holomorphic global 
sections under the action of G, as in |P1] and |MM2] . We will 

hnd asymptotic expansions that generalize and combine the previous cases. 

Let Nm we denote the normal bundle to <hp^(M+(0, ut)) then Nm is natu¬ 
rally isomorphic to Jm(Ker(<hp(m))) (see |P2j section 2.2). The transversal- 
ity condition is equivalent to require the injectivity of the evaluation map (see 
as before |P2] ). Now for every m G we have two Euclidean structures 

on 


Ker($p(m)) = g x Ker(<hp(m)) C g 0 t, 

one induced from g©t and the second from T^M. Let D{m) the matrix rep¬ 
resenting the latter Euclidean product on Nm, with respect to an orthonormal 
basis. Then D[m) is indipendent of the choice of an orthonormal basis for 
g X Ker(<hp(m)), and it determines a positive smooth function on As 

in |P2j we have the following dehnition. 

Definition 1.4 Define V G C°°, with m G by setting 

V{m) = \/ det D{ m). 

We consider and for the decomposition of the tangent space TmM 

we have that: 


TmM — Hm © Vm ® Nm (4) 

where, given Jm '■ TmM TmM the complex structure, we have that: 


Vm = Quim) © val(Ker(<hT(m))), Nm = Jm{Vm), Hm = [Kn © (5) 

are respectively the vertical, the transversal and the horizontal part. Given 
m G Mq^i,^ and v G TmM we can decompose v uniquely as v = Yh+'^v+'^t with 
v^ G VA, v^ G Nm and Yh £ Hm- The scaling asymptotics of the equivariant 
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Szego kernels, that we will see later, are controlled by a quadratic exponent 
in the components v/j, v^, of a tangent vector at a given m G (viewed 

as a small displacement from m). 

Definition 1.5 Let x ^ X and vi = {Oi,vi) G T^X with / = 1,2. We define 
H :TX (BTX as 


H{vi,V2) = 

( / (0^ — 9i) \ 

i[(^m (vi„, Vit) - Um (V 2 ^,, Vat)] + i(^m ( ^ , \l riMh{m) ,Yih + V2ft I - 

V||<hr(m)|| J 

111 (02 - 0 l) , , 

T^-7Z:T^hMh{m) - V2h 


-iUm {^lhX 2 h) - II Vitih - II V2t| 


Vlh 


|<l>'r(m) 


with rjMhi'na) the unitary generator of Ker{^p{m))~^ such that {r],^p{m)) = 
||$r(m)|| and = pj^- 

Theorem 1.6 (main Theorem) Under the previous assumptions fix vq ^ 
G and consider vp ^ , assume that^p is transversal to the ray IR+-(0, up). 

We have: 


1) If C,S > 0, and 

max{distM(7r(a;),Mo,,,y),distM(7r(|/),Mo,,,y)} > Ck^~^, 
then WaMr = 0{k~°°). 

2) Uniformly in x E Xq^^^ and vi G T^X with || v;|| < Ck^, as k ^ +cxd 
we have: 


rr / , '^1 , ^2 

I 2^ ~l“ X -\~ p- 


\fk' \fk) ^ 


0 .^ 2 ^ ■ 


-\Wt\ 

IT 




-l\ -ik'djVT H{v{,V2) 


i=i 


^—i\/k{92—di)\^ 

V{m) 


|<|) ||<iM + l 


-JZ^[^ + ^R<^GAf^w{W2)k 2 

■ 2 +2 V Z>1 / 
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where dp = dc + dp, v{, v-^ denote the monodromy representation —)■ 
GL(TmM), sueh that for every j = 1 , • • • ,Nx, v G T^M we have 
Pj dmfTp^iv) = E TmM. Where is the stabilizator of P in x 

and Rue,I polynomials in vl,V 2 with coefficients depending on 

and Up. 

3) More in general, for every p^ E P, denoting P-x the orbit of x E Xq^ut! 
then the following expansion holds for k -E +cx); 


Ml 


^UG,kuT X + -j=,Po ■ a; + 


Vk^ 


U2 


y/k J ) 


-1 


dr 

-dua^-- 


n 


\lZp\ 


d-M -t- + '5 


i=i 


3— iV^(02—^i)A, 


l/rp 


V{m) 


|(|) ||dM + l f+ 5 




where pj E F^ and Uj = {9j, Vj) for j = 1, 2. 


( 6 ) 


The previous result describes the asymptotics of in a shrinking 

neighborhood of the orbit P ■ x, where x E Xq^ut- If is complemented by the 
following: 


Proposition 1.7 Suppose x E and s,D > 0. Then uniformly for 

distx(|/, P ■ x) > we have 

Wa,kuA^.y) = o{k-^). 


1.2 Special cases and relation to prior work 

Before continuing our exposition, it is in order to digress on the relation of 
our results to prior work in this area. Let us focus on the following two 
special cases: 

a) T = acts in the standard manner (with $ 7 ’ = 1); 

b) G is trivial. 
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Let us first consider the case a), and to fix ideas let us start with the case 
where G is trivial. Let p(-, •) be a system of Heisenberg local coordinates for X 
centered at x. We have for X centered at x, inducing a unitary isomorphism 
{TmM,hm) with the standard Hermitian structure. In Theorem 3.1 of 
|SZ] and in |BSZ] . for Vi,V 2 G H(0, 1) C , 9 G (— tt, vr) and k — )■ +cxd the 
following expansion has been determined for the level k of Szego kernel H^ 
(see also |MMlj i: 


1 + y^aj(3:, vi, V2)fc~^ 

i>i 

where 

^2(vi, V2) = Vi • W - ^(11 VllP + II V2|n 
and ttj are polynomials in vi and V 2 . 

Observation 1.8 Another way to write "02 'is: 

^/’ 2 (Vi,V 2 ) = -iUm (vi, V 2 ) - ^|| Vi - V 2 IP, 

in this form we can see directly the real and the imaginary part of'ip 2 observing 
that it is responsible to the exponential decay near the diagonal. 

Now let us consider the Hamiltonian action of a compact Lie group G on 
M and suppose that 0 G is a regular value of the moment map. Then 
is rapidly decreasing away from <I)g^( 0 ), and assuming <I)G'(vr(a:)) = 
0 , under the standard action of the following asymptotic expansion holds 
with m = tt{x)-. 
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-J ^[Q{vi.+Vu,v2.+V2t)] J2 ’’'^0 -A^^^kig^x)- 

g^Gm 

1 + ^ Rua,j{m, Vig, V2)k~2 
j>i 

where Q {vi^ + vit,V 2 v + V 2 t) = -\\v 2 t\\^-\\vit\\^+i[u:m{vi^,vit)-Um{v 2 v,V 2 t)], 
Gm = {g ^ G : fig{m) = m}, Rua,j polynomials in Vi,V 2 and 

A,^4g,x} = ^ . X.aiaK 

|^7r(3;)| 

where Ves{'n'{x)) is the volnme of the hber above m in $^^(0) (for more 
details on the effective potentials see |BnG] ) and here we have set 


Vig = dmld^-i{Vi) 

with Qj in the stabilizator of G. Obvionsly (|H]) reduces to (I7j) for trivial G. 

Let us consider case b). Thus assume that there is a holomorphic Hamil¬ 
tonian action of a compact torus T, and that the moment map determining 
the linearization is nowhere zero. To £x ideas, let us first consider the case 
where T is one-dimensional. If and are vector fields on M and on 
X induced by /i^ and we have that in the Heisenberg local coordinates 
^x{x) = with m = n{x). Let ^ T^X be the or¬ 

thocomplement of ^x{x)- In view of Theorem 1 of |P2] . again working in 
a system of HLC centered at x and that vi = {Oi,vi) G T^X = M x TmM 
satisfying v; G || v/|| < Gk^^^, as k ^ -|-oo we have: 


rr / I I ^2 

cIm 


( 9 ) 






k ^E(d^li'^_Avi)x2) 


\teT„ 


\ i>i 


{m,vi,V2)k 2 
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for certain smooth functions Rj, polynomial in the n^’s, with 



This last result can be generalize to a (iT’-dimensional torus as in Theorem 
2 of |P2j . In this Theorem we have a result similar to the previous but 
with the appearance of an additional important invariant, which plays a role 
analogous to the effective potential in ([7]). Suppose that is transversal to 
the ray R+ • ut- Then the normal space to the inverse image at any m G 
■ vt) is Nm — Jm (Ker(<I)r(m))) and the evaluation map val : 
Ker(<I)'r(m)) —)■ T^M is injective. Therefore, we have on Ker(<h 7 -(m)) two 
Euclidean products, and given two orthonormal basis Bi, B 2 we can consider 
the matrix D{m) whose determinant is independent of the choice of the basis. 
Thus we can let V{m) = -^/det D{m). Considering vt G as k ^ +00 


we have: 



( 10 ) 


with 



In this paper, we shall pair these situations. More precisely, we shall 
assume given actions of G and T as above, compatible in the sense that they 
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commute, and consider the resulting asymptotics relative to a pair (z/c, ki>T) 
of irreducible characters, where vq is held hxed, and kvT +cx3 along an 
integral ray. 

We consider the case of a dT-dimensional torus. We have shown at the 
beginning the fundamental result of this work. Now we present some obser¬ 
vations. 

Observation 1.9 If G is trivial, dc = 0 the leading term is: 

and we’re back to the equation oa when 6*1 = 6*2 = 0 . 

Observation 1.10 In the case T = with the standard action we have 
= 1 , and when 6 *i = 6*2 = 0 the result is the formula ([ 8 ]). 

Now we present a Theorem that is the diagonal version, without scaling 
of the point 2) of the main Theorem. 

Theorem 1.11 Under the hypothesis of the main Theorem, form = 7t{x) G 
as k ^ -|-oo we have: 


v]-V2 


n 


v'Q^hu'j' 


[x,x) 


dy^2^^/‘^ 





1 —dp 
2 




i=i 


1 

T>{m) II 2 ^ 

with Bi that are smooth functions on Mo^y^. 

Corollary 1.12 Under the assumptions of Theorem 11.61 


Z>1 


m)k 


-i 



lim 

/C^ + CXD 



dM—dp-\-l 

dim{H{X)y^^k,yT) = 




(27r)"*r-i 



d>T{m) 

T>{m) 


dVM{m). 
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As a very special example, we observe that when (It = ^ and acts 

trivially on M with moment map = 1, we have H{X)k the k-th isotypical 
component for the standard A^-action on X, which is naturally and unitarily 
isomorphic to In this case we have the celebrated Tian-Yau- 

Zelditch expansion. For this result we refer to the work of Zelditch in |Z1] 
(see also [D], |T], |Loi] . |Luj and, for its near diagonal rescaled generalizations 
see [BgZ] . [SZ], [MMT] and [MZ] i. 

1.3 Applications to Toeplitz operator kernels 

By way of application, motivated by the standard Berezin-Toeplitz quantiza¬ 
tion of a classical observable (see [i], |R(XIlj . |R(XI2j . pi] . [IS], [Sch], [E], 
[X^, [BPU] and |AE ] ). let us consider the scaling asymptotics of the equiv- 
ariant components of certain Toeplitz operators (we will consider Toeplitz 
operators in the sense of |BG] h Given / G C°°{M) and assuming for sim¬ 
plicity that / is invariant under the action of the product group P = G x T, 
we can consider the Toeplitz operators T^cMrif] — ° ° 

where Mj denotes multiplication by / o vr. Then T^a^kuAf] is a self-adjoint 
endomorphisms of H{X)i,^^kuT- 

Given that 0 ^ <I>p, the equivariant Toeplitz operator T^^^kuT [/] is smooth¬ 
ing, and its distributional kernel is given by the following two alternative 
expressions: 


TuQ^ki/T [f]{x,x')= / u^^^kuTA,y)f{y)'^i^GMTiy^^')dVx{y) 

Jx 

( 12 ) 

with x,x' G Xq^^^ and an orthonormal basis of H{X)y^^kuT- ''^iii see 
that h^-s asymptotic expansions near the diagonal similar 

to the one for Note that with /(?/) we denote f{7i{y)) and that 

every / G C°°{M) lifts to an invariant function f{x) on X. For the sake of 
simplicity, we shall focus on points of the form {x + n,x + n) (with rescaling), 
as usual, in a system of Heisenberg local coordinates centered at x, where n is 
a normal vector to the P-orbit of x and we shall make the extra assumption 
that the stabilizer of a; in P is trivial. Notice that any point sufficiently close 
to P ■ X may be written in this manner, possibly replacing x with p ■ x for 
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some p G P. 

Theorem 1.13 Assume that 0 ^ <l)p, / G is -invariant and 

that the stabilizer of P in x is trivial. Suppose x G and fix a system of 

HLC centered at x. Let m = 7i{x). Then we have: 

1) If C,6 > 0 and 

max{distM(7r(a:),Mo,,.y),distM(7r(|/),Mo,i.y)} > Ck^~^, 
then T^^^kuT[f]ix,x') = 0{k-°°). 

2) Uniformly in ni G Nfi = T^^P ■ x)-*- as k ^ +cxo.- 


TugMtU] (^ + + 


(\/27r)'^T’- 


, ^iG_ (k 
-d^^2 2 ( - z/T 
vr 




f{m)e~ 


II 


- l^k ^Ri{ni,m) 

^ \/>o / 


(13) 


P{rn) ||<j)^||'iM+i-^+| 

with Ri{ni,m) a polynomial in ni and ti G = Jm(valm(Ker(<l>p(m)))). 
Corollary 1.14 Under the assumptions of Theorem I1.13L 


lim 

k^-\-oo 



dM—dp+1 

^{T^oMAf]) = 

dig _ f /(7r(x))IId)r(7r(x)) 
{27iYt-i 'D{7i{x)) 


where T {Ty^^kvAf]) ^^e trace of the Toeplitz operator. 
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2 Examples 


The main Theorem predicts that the diagonal restriction (a:, x) of the 

equivariant Szego kernel (which descends to a function on M) is rapidly de- 
creasing away from the locus and grows like k ~ there. Let us 

illustrate this explicitly by two examples (cfr the computations in |P1] ). Re¬ 
call from jBSZ] that for fc = 1, 2, • • • an orthonormal basis of Of>n{k)) 

is {4}|j|=fc, where: 



{k + n)\^j 




(14) 


and where J! = nr=oJ^!, = nr=o^f- In the next example we consider 
a particular product action and we show that outside of we have the 

exponential decay of the Szego kernel. 


Example 2.1 Let us make M = P^. Let us eonsider the action of G = 
on M induced by the representation on given by Zi) = w ■ ( zq , Zi) = 

{w~^Zq,wzi), and the action ofT = induced by the representation given by 
pt^{zQ, Zi) = (s“^Z 0 ) These actions are holomorphic and Hamiltonian, 

with moment maps: 


and 


^g{zo,Zi) 


kop + kip 


Then we have: 


Zi) 


koP + 2kip 

koP + kiP 


and placing X 


®G^(0) = {ko : 2 ;i] : ko| 
C we have 


h\} 


Xo = vr-' (<hGkO)) = |(^o,^i) : ko| = ki| = ^ 

with a free action of on Xq. We have ut = 1 E Z, $p^(M+ • (0,1)) = 
$^^0) = : ko| = ki|} action of P is given by: 
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: 2:1]) = (w,s) • (2:0, 2:1) = ((ty-s) ^zo,ws ‘^zi) . 

If |2:o| = l^il 0) and {w,s) ■ (2:0,2^1) = {^0,^1) ^ ws = = 

1 ^ s = s~^ so s = with j = 0,1,2 and w = ^ then the aetion 

is locally free. We are in the hypothesis of the main Theorem. We have 
s ■ ( 2 : 0 ^ 1 ) = (szoYfs'^zi)'^ = .s'^^'^’^ZqZ^ and then 

H'^{X)k = spaiii{zQZi : a + 2b = k}. 

In the other side we have w ■ {z^zf) = {wzo)‘^{w~^ZiY = w^~’^Zqz\ and 
then 


= span{zQz 1 : a = b + uq} 


a 


Thus 


il^{X)^Q^k = span{ 2 :Q 2 ;J : a = 6 + z/q, a + 26 = /c} 
then a + 2b = k^b + i'c + 2b = k^3b = k — ug and 

V ’ / ^1 if k ^ ug mod 3 

If k = ug + iib we have: 

the corresponding Szego projector is: 


^uG,uG+ 3 biizo,zi), {uo,ui)) = {ZlUif. ( 15 ) 

Now consider Zj = Uj with {zq]"^ + \zi\‘^ = 1 and we set x = \zq\‘^, y = Vb = 
—>■ I as b ^ +CXD. Using Stirling approximation: 

Th^ 

n\ ~ \/ 27 in — 

gn 

and the projector: 
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^ua,ua+3biizo,Zi),{Zo,Z,)) = 

we can find the following asymptotic for the coefficient: 

7r{b + UGyM i/tt \ybj \1 - yb J 

and for the projector: 


( 16 ) 


nr<„.„+3a(^0.^i).(^0.^i)) -2^? (^fY (17) 

where we set F{x, y) = log x + log (1 — x) — log y — log {1 — y) = f{x) — fiy) 
with fit) = logt + log (1 — t) and 0 < t < 1. We observe that for t —)■ 0+, 1“ 
we obtain fit) —)■ —oo and that the derivative: 


f' it) =-= 0<^=^l — t = t<^=^t = — 

^ ’ t l-t 2 

with /(1/2) = — log4. Thus for & ^ 0 and y = yb we have fiy) = — log4 — 

5(6) with 5(6) > 0 and Sib) —)■ 0 as 6 —)■ +cxd. If x ^ we have fix) = 

— log4 —5(a;) ( with Six) > 0 fixed). Then Fix, yb) =—Six) + Sib) < 

Now 


KGXG+^b{{Zo,Zi), izQ,Zi)) 


b f X 


2a/- - 

TT \y 

< 2 


I'G 


^bF{x,y) 


b f X 


n \y 


VG 


e ° 2 


= 0 ( 6 “ 


hut X = ^ that is \zo\ = \zi\ = ^ and we have: 


(18) 


^I'GFG+'ib ((^0) Zi), iZf), Zi)) 


TT \yj 


Ph / 1 \ 

<2J- —] 

V TT \2ybl 


and considering that we have for yb'- 
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(19) 



1 


b + UG l + Y 

2b + UG 2(l + t) 


1 l>c 

2 + 4I + 0 


( 20 ) 


then f{yb) = -log4 + O (^) (because /'(1/2) = Oj and so follows that 
b5{b) = O (^) —)■ 0 as b ^ +cxd. Thus 





( 21 ) 


Another possible variation similar to the previous is the following. 


Example 2.2 Let us make M = P^. Let us consider the actions of G = 
on M induced by the representation on given by ju^(zo, zi, Z 2 ) = 
(wf^zo,wiwf^zi,W 2 Z 2 ), and the action of T = induced by the repre¬ 
sentation given by ^^{zo, zi, Z 2 ) = {s~^zo, s~^zi, s~^Z 2 )■ These actions are 
holomorphic and Hamiltonian, with moment maps: 


and 


H, Z 2 ) 


VkoP + kiP’kiP + k2lV 


Then 


^t{zo,zi,Z2) 


ko P + 2 2:1 

P + 3|;^2P 

koP + 


P + 

^2 

2 


•^0^(0) = {[^0 : 2:1 : Z2] : \zo\ = |2:i| = \z2\} 
and placing X = we have: 

I = X X 

with a free action of G on Xq. We have = 1 G Z and <hp^(M+ ■ (0,1)) = 
$^^(0) = {( 2 : 0 , 2 : 1 , 2 : 2 ) : 1 2 : 0 1 = \zi\ = \z 2 \} and the action of P is given by: 


Xn = 7r 


-1 


($^ 1 ( 0 )) = <1 (2:0,^1,^2): kol = kil = 1^2! = ^ 


ia^{[zo : zi : Z 2 ]) = {w,s) ■ {zo, Zi, Z 2 ) = {{wis) ^Zo,WiW 2 ^s ‘^Zi,W 2 S ^ 2 : 2 ) . 
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If\zo\ = ki| = ^ 2 ! ( 7 ^ oj and {w,s) ■ {zo,Zi,Z 2 ) = {zo,Zi,Z 2 ) ^ Wis = 
l,wiW 2 ^s~‘^ = 1 ,W 2 S~^ = l^s^ = 1 SO s = with j = 0,1,2,4,5 
and wi = ^,W 2 = ^ then the action is locally free. The hypothesis of the 
main Theorem are satisfied. We have s ■ {zQz\zf) = {szo)‘^{s‘^ziy{s^Z 2 Y = 

ga+2b+3c^a^b^c 

H'^{X)k = spanlz^zlz^ : a + 2b + 3c = k}. 

In analogue way we obtain that 

H^{X)^^ = span{zQZ^^Z 2 : {a - b,b - c) = (z/i, z/ 2 ) = z/g}. 

Thus 


H^{X)y^^k = span\^ZQZ^Z 2 : {a — b,b — c) = (z/i, z/ 2 ), a + 26 + 3c = k} 

and 


If k = Qc + ui + 3z/2 we have: 


0 if k = ui mod 6 
1 if k ^ ui mod 6 


(^1,^.2),+3^2+6c = 

Now consider Zj = Uj with IzqI"^ + {zil"^ + \z 2 \'^ = 1 and we set x = Izol"^, 
y = |2:ip, 2 : = jz 2 j^ = 1 — X — y. As before, using Stirling approximation for 
the projector: 

fl^^,Gc+u,+ 3 u 2 ((^ 0 , zi, Z2), {zo, Zi, Z2)) 
ttAc + z /2 + z/i)!(c + z / 2 )! c ! 

( 22 ) 

the following asymptotic holds: 

(3c + z/i + 2h>2 + 2)! 


7r2(c + z /2 + z/i)!(c + z/ 2 )!c! 


g^Sc 

3c + z/i + 2z/2 

C+U 2 + UI 

3c + z/i + 2z/2 

C+!^2 

3c + z/i + 2z/2 

27r3 

C + z /2 + Z/i 


C + z /2 


c 
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and, for the projector: 


n 


UGfic+ui+3u2 i.{Zo,Zi,Z2), {Zo,Zi,Z2)) ~ 


(24) 


with F(^x, y) = logx + log?/+ log (1 — x — y), Q < x,y and x + y < 1. Studing 
the partial derivatives we find that we have a critical point x = y = ^ with 
F (|, i) = — log27. So we have F {^x,y) =—\og27 — 5{z) with 6{z) > 0. If 
X = y ^ ^ we have: 


Il^^,ec+u,+3u2 ((^ 0 , Zi, Z 2 ), (Zo, Zi,Z2)) 


9x/3c 


2'k^ 


but X — y — r b{z) — 0 and 


(26) 


nj,_6c+i.i+3v2 ((^0, Zi, Z 2 ), {zo, Zi, Z 2 )) 


9^/3c "2 


27r3 V3 


(26) 


3 Preliminaries 

It is know that if G and T both act on a symplectic manifold M in an Hamilto¬ 
nian fashion with moment maps $0 and <I>t and these actions commnte, then 
P = G xT act on M and the moment map is <I)p = : M —)■ 0 '^ © . 

We give an explicit expression for as 


= |s e : s(/f?li(x)) = F^s(x),Vx e X,Wt e T'^^^ug G g} . 

3.1 The geometric setting 

We remember that the matrix D[m) represents the Enclidean prodnct on 
Nm with an orthonormal basis. It determines a positive smooth fnnction P 
on dehned above. 

Remark 3.1 Note that there is a relation between the D{m) matrix and the 
G{m) matrix used in Theorem 11.61 We have in fact that D{m) = Gipufi ■ 
G{m) and so T>{m) = -^/det D{m) = | detG(m)|. 
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Let us consider the symplectic cone S C TX'^ \ {0} sprayed by the con¬ 
nection form a\ 


S = {(x, rax) X e X,r > 0}. 

This cone is important for the microlocal description of Szego kernel (as 
in jBSj ) and in the theory of Toeplitz operators (see |BG] L We have that 
the wave front set of fl is the anti-diagonal: 

= {(x, rax, X, —rax) : x G X, r > 0}. 

Notice that E = X x M+ in a natural manner. Let ws the restriction to 
S of the symplectic structure on TX^. Let r be the cone coordinate on E 
and 9 be the circle coordinate on X, locally dehned, and pulled-back to E. 
Then = d\ = dr ^ a + 2ru, with X = ra. Let be the contact lift to 
X of the Hamiltonian vector held on (M, 2a;). Then the cotangent how 
restricted to E is generated by (^/, 0). Thus the cotangent how on E = X x R 
is 0^ = (f)^ X It is follows that if / and g Poisson commute on M, then 
their hows on M, X and E also commute, and conversely. About the product 
action (referring to |P2j ). since by assumption is transverse to R+-(0, ut), 
the action of P on Xo,,^^ is locally free. We have also that Xo,i/y is invariant 
for G X T. In fact we have that R+ • (0, z/p) is invariant for the coadjoint 
action and, with the fact that <hp is equivariant, we conclude. 

3.2 Adapted Heisenberg local coordinates 

A key tool used in the proofs are the Heisenberg local coordinates centered 
at a; G X dehned in |SZ] . We choose an adapted holomorphic coordinate 
system (^i, • • • , Zd^^) for M centered at 7r(a:) so u espressed in Zj’s at 7r(a;) is 
the standard symplectic structure on that is u (vr(a;)) = | J2j=i dzjAdzj. 
By the choice of the adapted holomorphic coordinate system we have the 
unitary isomorphism T,r(x)dL = Now we choose a preferred local frame 
a A for A at 7r(a;), in the sense of [SZj . 

The problem now is to hnd the espression of Heisenberg coordinates under 
the action of P = G x T. The expression of o {xik) in Heisenberg 

coordinates, where Xik ~ ^ S' ~ element of the group G, 

an element of the torus T and exp^^ is the exponential map, are given by 
the following lemma: 
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Lemma 3.2 Suppose x E X, <I>g o 7r(x) = 0, and fix a system of Heisen¬ 
berg local coordinates centered at x. Suppose in addition that = {{gjfij) : 
j = 1, • • • , iVj.} is not trivial. Then there exist C°° functions - 83,-82 : x 

C'^M X vanishing at the origin to third and second order, re¬ 
spectively, such that the following holds. For vi — G where 

'd = (t?!, • • • ,'ddj.) and iMijn) = val^^ with ^ G t and gMijn) the valutation 
of g E Q. As k ^ +00 the Heisenberg local coordinates of: 


fixik)] 

e Vk Xk \ ^3 ^3 / 


are given by 


\7k ^ ^ vi) + -U3m vi) + B, 1^-^, , 

•fiA- {tP Tpfi))' 


(27) 


Proof. We apply corollary 2.2 of |P2j and we have fl27p . 


□ 


Remark 3.3 Note that here “d = {-di,--- ,'ddj.) with —tt < -di < n and 

^ = Slo- 


dj' dj' 


1=1 


1=1 


4 Proof of the main Theorem [LB 


Proof. 

Proof of 1). We consider {puc^ K/g) nnitary irredncible representation 
of G and we define p^oMt ■ G xT ^ GL{V,,^) as PugmAqA) = Pucid)- 
We have that {pucMr^ ^m) nnitary irredncible representation of G x T 

with character XuaMridA) = T^^ipuGMAdA)) = T^^ipuGid)) = XugA) ■ 
Assnming that 0 ^ <h'r(M) we have that H{X)kuT is finite dimensional, 
then H{X)y^^kvT ^ H{X)kvj. and ^ 8 °°(X x X). We want stndy 

the asymptotic behavior of with k — )■ +cxd. Since Ily^^kvT is fhe the 

composition of If : 8 ^(X) H{X) and the orthogonal projector of H{X) 
onto: 
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^ugMt y) = (y (/2^_1 O (x ), y) dtdg, (28) 

where d^^ = dim(V),Q) and dg, dt are the associated measure for G and T 
such that fi^dg = 1 and Jr^dt = 1. We start considering the diagonal case, 
so we have: 




I^G 



G JT 


di/Q 



G J (— 7 r,+ 7 r)“T 


Xuaia O (x) , x) dtdg 

O (x), x) dMg, 


(29) 

where d G (—vr, vr)'^'^. For the moment suppose x E X generic and hxed, and 
denote O G x T the stabilizer of x. For e > 0 we set 


A= {{g,t) e G xT : distGxr((fi', t), F^) < 2e} 


and 


B = {{g,t) ^ G xT ■. distGxT((fi', t), F^) > e} 

so we have G x T = A VJ B and we can consider a partition of the unity 
7 i +72 = 1 associated to the covering {A, B}. We observe that the function: 

{gA) ^ i2{gA)xuG{g~^)^{y^-^ op^-^{x),x) (30) 

is C°° because the singular support of If is included in the diagonal of X x X. 
Then 


/ l2{9,t)XuG{9 y-^{x) ,x)dg (31) 

Jg 

is inhnitely smooth and the Fourier transform is rapidly decreasing. Thus 
the contribution coming from B is rapidly decreasing and we can multiply 
the integrand by 71 . So we can only consider: 


d, 


''I'G 

2tt 



G J(--k,-kYt 


li{.gF)XuGi.g ^)e "^'''^"^A{il^-iojF^{x),x)dMg. 


(32) 
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Now if 72 ( 5 ','(9) 7 ^ 0 then /i^_i o are near and we can represent 

n as Fourier integral operator as in |BS] : 

r+oo 

^{y.y')= / e^^^^y’y'^s{y,y\t)dt, ( 33 ) 

Jo 

where 3('0) > 0 and s is a semiclassical symbol admitting an asymptotic 
expansion s{y,y',t) rsj ^Sj{y,y')- Inserting ([MD in ([32]) we obtain: 


^J-va,kvT 


2ti 



b+cxD 


G J{--k,+-kYt Jo 






s {y^-i o (x) , X, t) dtd'ddg, 


(34) 


and performing the change of variables t —)■ kt, we get: 


^uc,kuT 


27r 



^H-oo 


G ^ (-7r,+7r)''T 70 




-1\ jA:'I'(t,g,i?,3;)_ 


• s {y^-i o (a:), X, kt) dtd'ddg, 

(35) 

where we have set "^{t, g,'d,x) = t'ip{y^_i o y'^^{x) ,x) — pt ■ 'd- We shall 
now use integration by parts in d to prove that only a rapidly decreasing 
contribution to the asymptotic is lost, if the integrand in 035 p is multiplied by 
a suitable cut-off function. In local coordinates we have o (x) = a: -|- 
0{e) with e > 0 very small, because (^g, G U with U a small neighborhood 
of Fx- Thus we have that: 


— d(x,x)'^ + 0(e) — (ox, —ax) + 0(e), 

with SijT = t$(r(nr) — pt F 0(e). Therefore, since $(r(nr) ^ 0 and pt ^ 0 
we have for f S> 0 that 


115^^11 > ct, 

for some C > 0. In a similar way for 0 < f 1 we have 

lia^^ll > C*! > 0, 
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for some C\ > 0. Therefore by integration by parts in we have that the 
asymptotics for k —)■ +cx) is unchanged. We multiply the integrand by p(t), 
where p G and p = 1 on so that the integral in dt is 

now compactly supported. We shall now use integration by parts in dt to 
show that only a rapidly decreasing contribution is lost, if the integration in 
{g,'d) is restricted to a tubular neighborhood of of radius 0 {k^~ 2 ). We 
have that dt'^ = o (x) ,x). If dist((p, , F^) > Ck^~^, then 

dist {Pg-i o (x), x) > Ck^~^ 

and so: 


\^/j{p^-i o p^^ (x ), x) I > ^^/j{p^-i o (x ), x) > ^ (36) 

(see Corollary 2.3 of |BS] ). Introducing the operator 

Lt = [ip{Pg-i o P-^ (,x ), x)] dt, 

we have that: 

k 

We can now mimick the standard proof of the Stationary Phase Lemma: 
iteratively integrating by parts, we obtain at each step in view of fl36l) a 
factor of order O , and then after N steps a factor of order O . 

This proves that the contribution to the asymptotics coming from the locus 
where dist((p, , F^,) > Ck^~ '2 is rapidly decreasing. We can now prove 
that (135|1 is rapidly decreasing in k for distx(a;, > Ck^~^. Now we 

consider a bump function pi : P —)■ M supported in a small neighborhood 
of Fx and = 1 near to F^. The function pi is defined as pi = pi(/, 0 with 
f E Fx and ^ the normal coordinate to Fx- We can multiply the integrand 
of fl35|l by Pi ^/, losing only an 0{k~°°). Then if pi{g, t) ^ 0 we have 

o (x) = X + O Therefore: 

^ j = (ax, -ax) + 0{k^-^), 

and = t^p{m) — up + O (^k^~^'^. Here (<t,'d) are local coordinates on 

P induced by the exponential map expp. Then if distx(a:, > C^k^~^ 

we have that: 
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Thus we find a differential operator with where 

distx(a:, Xo^i^y) > O such that = ike^’^'^. Iterating the 

integration by parts, in view of the scaling factor we have at each step a factor 
This proves that = 0{k~°°) for distx(a:,> 

Ck^~^. Let us consider {x,y) E X x X with 


max{distx(a;,Xo,,,y),distx(|/,df'o,,.r)} > Ck^ 2 
for every <5 fixed and using the Cauchy-Schwarz inequality we have: 

^UQ,kuT ( 2 ^) I/) 

SO HugMt i^^y) = 0{k~°°). This complete the proof of 1). 

Let us now consider the proof of 2). Now setting xjk = x + for 

j = 1, 2, using FIO representation as before and changing variables t —)■ kt, 
we get: 


< v'^ugMt ■ v'^ugMt (y^y)^ 


(37) 


IluGMT{xik,X2k) = 

• s (/ij-i o {xik ), X2k, kt) dVw{w), 

(38) 

where 

IT = G X (—tTjTt)'^^ X (0, +cxd) dVw{w) = dgd^dt, (39) 

and 

(t, d, x) = ttlj o {xik) , X 2 k) (40) 

Here t = (fi,--- ,tdj,) = = e*’^. Let F P, Fm = 

{Pj} — {(fi'i)^i)} finite stabilizer of a; G Xq^^^. We introduce a bump 
function p = Yl!j=iPj with support of pj in a neighborhood of pj = {gj,tj). 
As consequence we have: 

^l/G,kuT (Xlk: X2k) ~ i^lk: X2k)^^^ , (41) 

j 
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where each addend of (HT]) is given by fl55]) multiplied by pj. In the support of 
each pj we write g = gj exp^ j and t = tje^, where with exp(^ we denote 
the exponential map from g —)■ G and 7 , 'd are coordinates respectively on 
g = associated with the respective orthonormal basis. Omitting 

Pj in the integrand we have: 


hlj^G ^kUT (Xifc, X2k) ~ 


<‘VG 


'jd'T 


'W 


Xl^G 


9j ^ expc 


7 


'/k 


ij e 


• S ( O /i^_^ (xik) , X2k, kt ) dVw'{w), 

\ '/k Vk J 

( 42 ) 

where 

W' = X X (0, +oc) dVw'(w) = d^dMt (43) 

and 

(f, -d, x) = tV’ ( k'-XL. o o O (xik) , (r 2 fc ) (44) 

\ Vk Vk 9j tj J y'p 

We write = /i^_i (xi^) = x+ ^(di, v\), for a particular choice of 

a adapted section in the definition of HLC. We assume that the orthonormal 
basis of t is taken as (tci, • • • ,Wdj,) with (wi,--- ,Wdj,-i) an orthonormal 
basis for Ker(<hr(m)) and {^T{^),Wdj,) = ||<hr(?7i)||- So we have that, if 
(xi, • • • ,Xrfg) is the orthonormal basis for g, an orthonormal basis for p = 
Lie(P) is of the form: 


(xi, • • • ,Vda,Wi, ■ ■ ■ ,WdT = p). 

We call (oi, • • • , ttdp = h) the corresponding linear coordinates on p such 
that a = (oi,--- ,adp = &) G = Ker($p(m)) and aM{xn) G = 

TmM is his injective valutation. Considering (144)) . we write ( 7 ,^) G p = 
R^p = X as 

( 7 , -d) = ( 7 , k') + kp = a + bp, (45) 
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remember that ut = X ■ <hr(^) ^ ( 0 , vt) = X^p{m), then we have: 

ut ■ ^ = ( 0 , i>t) ■ (a + brj) = 6A||<hr(^^)||- 
Here A = is such that up = X^^ ■ Thus we have: 

= t'lp i^ik) ( 46 ) 

Now let p = a + 6?7 we have that a G Ker($p(m)) and rj G Ker($p(m))''‘, 
with ||?7|| = 1 , {^p{m),ri) = ($p(m),?7) = ||$p(m)||. We get: 

4 >) = 

= a: + ^ ^ la;^(aM(m) + 6?7M(m), v{) + , 

. _ i„„) + s, 


^ X + (Aj,k{‘S,viyV2),8jA^y‘^’i>'^2)), 

with B2, -B3 that vanish at the origin to third and second order. We obtain 
that: 

t-ip {xQ , X2l)j - ^ 

= it I- 

- ^^2 (vi - aM{m) - br]M{m),V2) - -^+ 

+ itnt (v{ - 

(48) 

where i?3 vanishes to third order at the origin and 

^2(r, s) = -iujm{r, s) - ^\\r - -s|l^ (r, s G C”). 
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Now 


= — O2 + &||$r||) + + br]M,v{) + B'^ ^^ \ '^} ’ 


= 1 - |l + ;^(^1 - 6*2 + H^tW) + (aM(?^) + br]M{m),v{) - 


-^i 0 i -02 + b\\^T\\r + B'' 


„ / aMijn) V b 

H 'Vk'Vk 


% % 

= --^{01 -02 + &||*^>r||) - -j^(^m {aMi+n) + hirjM{jn),\{) + 


+ ^{ 0 l -02 + b\\^T\\f + B'^ 


\n, f aMijn) V b 

n Vk ^Vk^Vk 


[1 - = 


= -^{01 -02 + ^ll'^’rll) + {aMim) + br]M{m),v{) + 


+ - 02 + b\\<!>T\\)^ + ztB”' 


aMim) V b 
\/k ’ \/fc’ \/k 


Thus as conseguence: 


¥^\t,b,x) = ^i 0,-02 + b\\<^T\\) + 


||*hr(m)||6 


+ -^tum (aMim) + briMim),v[^^^ + ^^(^1 -02 + b\\^T\\)‘^ - Kt — 
- ^^2 (vi - aMim) - briMim),V 2 ) + itB'l' 



= (t{9i -02 + &||<^> t ||) - \uT\\^T{m)\\b) + 


1 

k 


tUm. ( aMim) + -02 + 6 ||$ t ||)^- 


-itilj 2 (v{ - aMim) - 6?7m(^^), V 2 )] + itB- 


aMim) V b 
\/k ’ \/k' ^/k 


and 


ik'^^+it, b, x) 

= iVk (t(6'i -02 + &||*^>t||) - Kj,\\^Tim)\\b) + 

+ \itum (aMim) + br]Mim),v^^^'^ - -02 + 6||$r||)^+ 


+^2 (vj - aMim) - V 2 )] - ktB^ 


aMim) V b 


Vk ’ \/fc’ ^/k 

Continuing calculations we can rewrite the j-term as: 


^UG,kuT iXlk,X 2 k)^^^ 

1 1-^ 

~ k 2 




( 27 r)'^r 


da ■ 


r*H-oo /‘+CXD 


L*/ 0 J —00 


(49) 


where 


T(«, b) = t (6||4T(m) II + 9i - 92 ) - A||4tI|4, 


(50) 


24(m, 0, V, n, a) 


= -^(6||<l>T(m)|| +9i- 02)^ + ituJmiaMim) + briMim),+^) + 

+ tip 2 i'vi - aMim) - V2)e*'^2’fcCX-^2) 


and 


BU) = 


(51) 

(52) 
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The internal integral in fl 49 p is oscillatory in y/k with phase T. The phase 
has critical points {to,bo) = I- Hessian is: 


H{T){Po) = 


0 

|<hr(m) 


0 


and 


\ 


det 


VkH 


2n 




Using the Stationary Phase Lemma [H] we have: 


{Xil^, X2k) 


U) 


duo r5/.N,i_£p 




{2 'k)^t 


■ e 


A{a,to,bo) 


|<h7’(m)|| \ TT 


kX 




dM 


da, 


( 63 ) 


where 


A{a, to, bo) = Xy^ [iu:^ {aM{m) + boriM, v{) + 

+^2 (v{ - aM{m) - bor]M{m),V2)] , 

and we have to evaluate the integral /^dp-i In order to do this 

we dehne the following spaces: 


Vm = valm(0 © Ker(<hT(m))) = val^(Ker($p(m))) C T^M, 
Hm = [Vm ® 


where Vm, Hm are complex subspaces of TmM and Nm is the normal space 
to Mo^ut- Decomposing v G T^M as v = v/^ + v^ + Vt, with respectively 
Vh ^ Hm, Vv ^ Vm and Vt ^ Nm, we have that om = aMv, Vm = VMh + Vmv 
and 
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2 


ium {aM{rn) + v{) + #2 (v{ - aM{rn) - 6o?7m(?«), V 2 ) 

= iu:rn{aM{rn),y{^ + V 2 i) - ^|| vi^, - aM{rn) - bor]Mv{m) - Y2 v\ 

+ ihQUm{riMh{m),Y{f^ + Y2h) + ihou:m{riMv{'m),Y{^ + Vst) - Y2h) + 

- \\\ '^Ih - f^oVMh{m) - Y2h\\‘^ - i(^m{y{y,y2t) “ ^|| “ V2t|P “ V2^,). 

(54) 

We define rMijn) G translated by aMijn) snch that: 

rM{rn) = y{^ - aM{rn) - boriMv{m) - V2v, 
so aM{m) = y{^ — TMirn) - boi^Mvim) - Y 2 v and we get: 


U:m{aM{'rn),Y{^ + Y2t) = v(J + Wt) - a;m(v2^, v{J - U:^{y2v, Y2t)- 

- (^m{rM{rn),Y{^ + Y2t) - i^m{bo7]Mv{rn),Y\^ + Y2t)- 

(55) 

Pntting (I5B]) in (1541) and deleting the opposite terms, we obtain: 
iuyn {aM{m) + bor]M{m),Y{) + #2 (vj - aM{m) - 6ohM("^), V 2 ) 

= i [uJm{Y{^, y{^) - Um{y2v, V2t)] “ ^|| - Y2tf + 


iboUJm{r]Mh{m),Y{f^ + Y 2 h) - iUJm{y{h: ^2h) 


X .. ..2 

2 \rih - boVMhim) -Y2h\\ - 


-iUJm{rM{m),Y{^+Y2t) - -|kM("i)|p. 

Let C the matrix of val^ : Ker(<hr(m)) © g —)■ Kn- Changing variable 
r' = Cr we have that dr = det C~^dr'. We have to evaluate: 


detC 


^j, [-iwm (r',vh +V 2 t) -11h' Ih] _ 


(56) 


We make the substitution s = so we obtain: 


-i(dp-i) 


\Ux 


detC 




( 2 vr)- 


yi(dp-l) 


,g-|A„j,||v^lj+V 2 t|| 2 ^ 


(57) 
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Thus the exponential factor in the asymptotic expansion is with 


H{vi, V 2 ) = XuT {vih, V2/1) - II - II V2j^ + iboUm {r]Mh{rn),v{^ + V 2 h) 

- V 2 

(58) 


111 ' 112 

+i[Um (v{^, - Um (V2^,, Vst)] - - ||v{^ - bo^Mhim) - V2fe|| 


where bo = and the principal term is of the form: 


V tt / 


2 


■Xuaidj ^)e 


—ik'djUT . 


^i\/k{02—0{)\i^ ^ 


||<h'r(m)||P(m) 

(59) 

This complete the proof of 2). 

Let us now describe the necessary changes to the previous argument to 
prove 3). Instead of considering a neighborhood of {x,x) we consider the 
asymptotic in a neighborhood of (a;,po • x). We set y = p ■ x and we assume 
given the local system of Heisenberg coordinates in a neighborhood of x and 
y. We may also assume without loss that the Heisenberg coordinate system 
centered at y is obtained from the one centered at a; by a p-translation, that 


IS, 


y+{9,v) =p - {x+{e,v)). 

We must evaluate: 


^kUT {Xlk, y2k) , 

where xik — ^ X- y 2 k — V X- ^ and Uj = {9j,Vj). Now with the preceding 

interpretation we have that y 2 k = Pq{x + = PoX 2 k- Proceeding as in the 

previous case we have: 


^UGjkux ) I/2A:) 


dj^G 

{2nYT 


[ [ Xug{9 
JG Jt 


■ H (pJLi o (x) ,Po ■ X2k) dtdg, 

(60) 
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and due to the unitary action: 


i/2k) 

d. 




{2'kYt 



G JT 


Xmia ^)t ■ n o o (x), X2k^ dtdg. 


Let po = {go, to) = (fi'o,e*’^°) G P, then 


(61) 


Ky ° ° ft-H-^{xik), 

and changing variables g' = ppo; t' = Uq, we have g = g'gQ^, t = ft^ and 
t) = id' — i9o. 

Then 


(Xik, y2k) 


d, 


l^G 


(27r)‘^r 





G JT 


~ P ~ G ~T 

■ -1 O p ,_i O p^,_i 


Po 


(x) , x-2t ) dtfdg', 


(62) 

that will be the same as before with the difference that in the j-addendum 
we will make the substitution: 


XuG {9j)tj = XugMAPj) ^ XuG {9j9o {tjto = XuGMAPjPo ^)- 

This complete the proof of 3) and complete the proof of the main Theo¬ 
rem. □ 


5 Proof of Theorem 

Proof. 

On the diagonal we have: 


ff t'Gjfcl'T {j^, J^) 


I'G 



G JT 


d 


VG 


{2tt)<^t 



Xug{ 9 ^)t o/if_i(a;),a;) dtdp 

o dddg, 


G J(-tt,-kYt 


(63) 
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where ., z/^ = (z/i, • • • , Udj.) e and t/t'^ = Efi 

We consider Fa; = {(gfi, ti), •• • , tw;;:)} the stabilizer, with |Fa.| = N^. Let 

e > 0 and we consider the following open subsets of F = G x T: 

A = {(g,t) e G xT : distGxT((g,t),-^x) < 2e} 

B = {{g,t) eG xT : dist G XT {{g,t),Fx) > e}. 

Then P = AU B, and we have choose a partition of unity 7i + 72 = 1 
subordinate to the open cover {A,B}. Then for {g,t) ^ supp( 72 ) we have 

distx {fj'g-i o g^-AF)-,x) > Ge 
for some constant G > 0. Therefore, the map 

{gA) eP^ j2{g,t)XuG{9~^)'^ (h^-i 

is C°° because the singular support of If is included in the diagonal X x X. 
As consequence the function: 

teT^ ^2{g,t)XuGi9~^)'^if^^-i°f^J-i{x),x)dg 
Jg 

is and so its Fourier transform evaluated at kvT is rapidly decreasing for 
k —)■ +CX), since by assumption vt A 0- We set 7i((7, kP) = Pi(fi') with 

each pj supported in a neighborhood of {gj,dj), and consider 

t=i 

where 


A-i/q ki/j, (x. 


x) 


(i) 






{2'k)'P 





Pj{9,^)XuG{9 ^)e O pA^{x) 


x') dPdg. 


(64) 

Let us now examine the asymptotics of each integrand separately. On the 
support of 7 i, (x) is close to x, and therefore we may replace If by its 

representation as a Fourier integral, perhaps after disregarding a smoothing 
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term which contributes negligibly to the asymptotics. After rescaling in t we 
have: 




d. 


VG 





^+CXD 




Xuaig 

gJ{--k,ttYt Jo 

• s o kt) 'jj{g, 'd)dtd'ddg 


(65) 


with 


'^{x,t,g,^) =tY{f^g-i oiZY^),x) -UT-'d. ( 66 ) 

Let us regard |65] as an oscillatory integral with a complex phase \h of pos¬ 
itive type. Let us look for critical points of tl'. We have that dt'^{x, t, g, id) = 

ip o = 0 if and only if "d = ’dj and g = gj. We set = 

g + 'dj with 77 ~ 0. In the neighborhood of gj, we can write g = gjexpQp^, 
where G g is close to the origin. With abuse of notation we shall write 
o ° Upon choosing orthonormal basis for the Lie 

algebras, we shall identify them with and respectively. We consider 
now r;=o ~ ~ ^hus in the new coordinates at 

any critical point .^ = 0, 77 = 0. The critical points are of the form: 

7’o = (*o.(co.^o))= 

Considering the second derivatives, = 0, and using Heisenberg coor¬ 
dinates we write: 


=tlp{x+ (^<f>G(m) +77<f)T(777) +0(11(^,77)11^), 

, -guim) + 0(||(^, 77 ) 1 ^)) , a:) - z/^ • 77 - z/t • ■dj. 

(67) 

Here with abuse of language we have identified 77 ^( 777 ) and with 

their representation in local coordinates. We note that m G so 
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= tij{x+ + 0(||(^,r7)f), 

,-^M{m) -VM{m) + 0(11 (^,??)in) ,x) - UT-V-^T-^j 

+ i|l>;M(m) +5M(m)IPe‘"*-l”l + 0 (||K,.,)||=')} 

( 68 ) 

and setting 7 = ( 7 ^, • • • , 7 ^^) = (^ 1 ,... , 7 ^,... , 7 ^^) and a = (<^, -d), we 

have (To = (<^ 0 ^ 0 ) and 


!(*,,,„) = <hT(m). (69) 

Thus, we have: 

= iXuT[^iim)^k{m) + {'yi,-fk)m\, (70) 

with = to) we are in the same case of |P2] in the proof of Theorem 2, so 
we have that: 


deti7(fo,cro) = ^||<hT(m)||Met 0(m). (71) 

Where 0(m) is a scalar product on Ker($p(m)) and 

= (n xir'WMmwnmr. (- 2 ) 

The principal term is: 


det 




( WvTWk V'"^^ 

(V27*“' 'W / 

This complete the proof of the Theorem. 


1 

V{m) II <hr(m.) \\d'M+i+^-4^ 

(73) 

□ 


6 


Proof of Corollary 


[m 


Proof. 

We start considering the dimension of H{X)i,^^kuT- 
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Ili,^^kuT{x,x)dVx{x). 


Now let us observe that x) is naturally S'^-invariant as a func¬ 

tion of X, and therefore descends to a function on M, that we shall denote 
by '^) with abuse of language. Thus by integrating first along the 

fibers the previous integral may be naturally interpreted as an integral over 
M, that we shall write in the form: 


dim{H{X)^^^kuT) = / lluGMTi^y^)dVM{m). 

Jm 

Now by the above '^) is rapidly decreasing away from a shrink¬ 
ing neighborhood of So, using a smoothly varying system of adapted 

coordinates centered at points m G we can locally parametrize a neigh¬ 
borhood U of in the form m -|- v, where m G and v G N^- This 

parametrization is only valid locally in m, since we may not expect to hnd 
a single family of adapted coordinates 7 ^ {m G Hence to make 

this argument strictly rigorous we should introduce a partition of unity on 
subordinate to an appropriate open cover. However, we shall simplify 
notation and leave this point implicit. 


dim(Tr(X)j,Q,fcj,j,) = / / v) dvdVM(m). 

In view of Theorem 11.61 the asymptotics of the previous integral are 
unchanged, if the integrand is multiplied by a cut-off of the form p(fci81| v||), 
where q G C^(M) is identically equal to 1 in some neighborhood of 0. 


dim{H{X)^,^^kuT) = j / (’^ + v,m-hv) p(fci8 || v||)civciI/M(m). 

Let us now operate the rescaling v = ^. We can now make use of the 
asymptotic expansion in Theorem 11.111 with u = u* (that is, u.„ = u/i = 0). 
We obtain: 
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<\im{H{X)^^^kvT) = ^ / ^ugMt {'1^+^\u\\)dudVM 

Jmo,.^ jr'^p -1 V yk yk; 


= fc- 2 


2 ^ 


^Ig f ll^rllfc ^ 


dM— 


I Mo, 


l/rp 


(\/2)‘^r-l7rrfT-l \ TT J 


dp-i ||<J)2i|I“m- 


^2 +^detC(m) 


e 9 II u||)(iudVM(m) + • • • , 

(74) 


where dp = do+ dT and the dots denote lower order terms. Now we evalnate 
the Gaussian integral, let us operate the change of variables q = ^/2y^u, 
we have that: 




{V2Yp 


e-M^dq 


-1 


,dp — 1 dp — 1 


||4>'r(n7.)|| 2 TT 2 

{y/2Yp-^\\uT\\^ 


and substituting in (1741) we obtain the following expression: 


(75) 


dim{H{X)t,^,kuT) 


d^ 


2 ^r ——1 



djvf —rfp + l 



<hT(m)||“‘^Af+'ip-2 

det G(m) 


dVM{m) H-. 


The proof is complete. 


□ 


7 Proof of Proposition II .71 

Proof. 

We assume that distx(|/,P • x) > Dk^~^^‘^, for every p £ P. The method 
consist to use iteratively integration by parts to deduce the rapidly decreas¬ 
ing behavior of the kernel. We start following the previous situations using 
the standard representation as Fourier integral operator. So, by performing 
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the change of variables t i—)■ kt, we obtain the following expression for the 
Szego kernel: 


^ua,kuT 1 /) 


kd 




(2tiYt 



G JT Jo 


■ s o (x ), y, kt) dtdgdt), 


(76) 


where 


'h(f, ^9, x) = tY o (x) ,y) -ut-^ (77) 

is the phase of the oscillatory integral. First we observe that: 

||(9^'F|| = (h^-i o (a:), y) - ut\\ > C 

for 0 < t 1 and C > 0. In a similar way 

115^^11 > c,t 

for f 3> 0 and Ci > 0. Using integration by parts in did, the asymptotics 
for k —)■ +CXD is unchanged. We multiply the integrand by 7 (t), where 7 G 
CY 7 = 1 on and 7 = 0 outside of (■^,2D). The integral 

now is compactly supported in dt. Taking the partial derivative respect t, 
we deduce that: 


<9t'F(f, id,x)=i/j {pg-i o (x), y) 
and by the assumption we hnd that: 

||(9t'F(f,d,a;)|| = op^_^{x),y)\ > ^ip (p^-i op^_^{x),y) > D'k'^^~\ 

Now we introduce the differential operator: 

Lt = [Y {fjg-i o y-i) (x ), y)] dt 

and observing that we can apply iteratively the integra¬ 

tion by parts. So step by step we obtain a factor of order 0{k~‘^^Y- 

The proof is complete. □ 
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8 Proof of Theorem 


Proof. 

In view of the equality on the first line of (IT^ we observe that 1) follows 
immediately from the point 1) of the main Theorem. Let us now consider 
the proof of 2). 

Let / G we consider the associated Toeplitz operator: 


T,. 


VQ,kUT 




= j b + (v,^ + iiVx(v) 


(78) 

with X G where f{y) = f{7i{y)). Now in view of Proposition 11.71 only 

a shrinking neighborhood of the orbit P ■ x contributes non-negligibly to the 
asymptotics. Therefore, the asymptotics are unchanged if the integrand in 
dZHD is multiplied by a cut-off function gk{y), where Pfc = 1 for distx(|/, P-x) < 
('fQj. example concretely 6 equal 1/9) and Pfc = 0 for distx(|/, P ■ x) > 
We shall make a more explicit choice of Qk below. 

Let X P {6, v) be a system of Heisenberg local coordinates on X centered 
at X. This determines for every p G P a system of HLC centered at p • a;, by 
setting 


p ■ X + {9,y) = p • {x+ {9, v)). 

In this manner we have a unique smoothly varying family of HLC systems 
centered at points of P • x, and identifications Tp.^X = T^X = M x 
Tp.mM = TmM = R X . Furthermore, the action of P preserves the con¬ 
tact and CR structures of M, and the decomposition of the tangent spaces 
in h-, V-, and f-components. This means that the corresponding decompo¬ 
sition is preserved under the identification Tp.mM = TmM. If p G P • x, let 
Ny be the normal space to P • x in X at p; then we have natural unitary 
isomorphisms = Nff. With this identification implicit and some abuse 
of language, we may then parametrize a suitably small open neighborhood 
of P • X by the map 


(p, n) G P X p ■ X + n. 
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We set y = p ■ {x + n), where p = {g,t) E P and n is a tangent vector 
normal to the orbit. For simplicity we suppose that the stabilizator of x in 
P is trivial. We have a diffeomorphism P x N{e) —)■ X', with X' a e-tubular 
neighborhood of P • a; in X and N{e) is a ball of radious e in the normal 
space of the orbit in x (a real vector space of dimension 2dM + 1 — dp). 
This diffeomorphism doesn’t preserve the volume form. Thus in coordinates 
{p, n) E P X (where denote the normal space to P • a; in x): 

dVx{y) = D{p,n)dVp{p)dn, ( 79 ) 

where dVp{p) = -^^j^dVcig) is the Haar measure of P, dn = dC{n) the 
Lebesgue measure on (unitarily identihed with and 'D{p, 0) = 

^x{p) with Dlx ■ P —^ lF>o a distortive function dehned as follow. Let Bq 
an orthonormal basis of p and let vaU : p —)■ T^X the valutation map. Let 
Dx{p) the matrix associated to \a)^^{gx) ; p x p —)■ M respect to Bq and 

'tPixiv) = A/det Dx{p), (80) 

here gx is the Riemannian metric on X and val^( 5 'x) is the pull back of such 
metric to p = Lie(P) using the valutation val^; : 7 1 —)■ '^xi.x). We observe 
that 9f^(p) is constant along the orbit, because P acts by isometries. We put 
2Pix{p) = 'f'x- We obtain that: 





= j ^ugMt f{y)'n-UG,kuT (^y,x + Qk{y)dVx{y) 

^ugMt { ^ + n)] f {p ■ {x + n)) ■ 

ipJN^ \ vk / 

■ (p i^+n) ,x+ 2)(p, n)^fc {p- (x + n)) dVp(p)dn. 

( 81 ) 

Rescaling n eE we observe that Rank(X) = dimX — dimP = 2dM + 

1 — dp = 2 [dM + from which we have that dn ^ k 2 

we obtain that: 
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T, 


I'cMTi 


V 


[f] + — 





(82) 


Here Qk{p ■ x -\- n) = Qk{p ■ x + ^n) and e = 1/9. n G by 

construction and v G by assumption. We have that: 

iVf = [vaU(Ker(<l>p(m))) © span(?7x(a:))]-^. 

Let ?7 G t be the unique element such that 

T] G ker$T(m)'‘‘, (<hr(m),r7) = ||$T(m)||. 

In particular we have rj E t, and r] has unit norm. Then 

Vx{x) = {\\^p{m)\\,-r]M{m)). (83) 

So in terms of the isomorphism T^X = M x T^M we have: 


Px{x) = ({0} X vaU(Ker(<I)p(m)))) ©spanR((||<I)(m)||,-77M("i))), 
and so in the notation of (jl]) and ([5]) 


px{x)^ = ({0} X Vm)-^ n spanK(||<h(m)||, 

= [M X © A^m)] n [spanR((||<h(m)||, 

with Vm = valm(Ker(<I)p(m))), = Jm{Vm) and = (Ki © We 

have that pMtijn) = 0, because is P-invariant. Thus if (A,h + t) G 

M X {Hjn © A^m) we have: 
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gx{{\,h + t), -r]M{m))) = A||$p(m)|| - gx(M,VMh{m)). 

Denoting $ = $p(m) and = Vm{^) we have: 

Aff = |(A, h + t) e R X @ Ar„) : A = j 

= 1(0} X W„] @ I hj : h e H,„j . 

(84) 

We write n = ni= (^j^^gx{h.i, gMh), h.i + , n = (^^^gx{h.,gMh),h. + ty 

Recalling that Ii{xi,X 2 ) = n(x 2 ,xi) we obtain: 



(85) 


Let us now make use of the asymptotic expansion of from point 

3) of the Theorem 1 1.6 1 and, using the Taylor expansion for / • x + j and 

for 2) 


TugMtU] ~ f (p-x) C{m, Up) 

(^x + ^^^dVp{p)dn{l + ---) 

( 86 ) 

where we have set: 


C{m, Up) 


dr 

{^/2^l)‘^T-l 
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and the dots stand for terms of less degree. 

Here the exponent is as follows: let 

n = V + t + h, ni = vi + ti + hi 

be the decomposition as in (0]) and (|5]). We call Rx = and r, ri in place 
of ni,n. Then 


//(ri,r) + i/(r,ri) = -2\^^ (|| ti|p + || t||^) - 


(h-hi, r^Mh) 

til - ti- [t;— 7 — rn — VMh 

hh'rfm) 


(87) 

We evalnate the Ganssian integral ^H{ri,r)+H{r,ri)^ have that: 


gn'(ri,r)+H(r,ri)^^ _ g-2A^y|| tilp f ^-2X^^\\t\\^ ^ ^ 


VMh\\ 


dh. 


' Rx 


lN„ 




( 88 ) 

Let dN^ = dp — 1 the dimension of Nm- Let ns hrst consider the hrst 
Ganssian integral in 




'Nrr 


( 2 A^) 


<iN„ 


_i||s||2 , / VT 

e 2 \\ w ds = 


'Nrr 


2A 


Ut 


{dp-l)/2 


(89) 


To compnte the second Ganssian integral in fl88|) , let ns operate the change 
of variable 


n I n I i^-^uVMh) 

^1 + h - II.T, 7 Ml = w. 


(90) 


We differentiate the previons expression d h = det (§^) d w and in order 
to determine det (§^) we observe that: 


det(^)=l + l!^ 
y 9 h y II •hj' I 


So we have: 
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-A^ 


hi—h— 


(h-hl,»7Mh) 

II*t("‘)II 


VMh 


dh 


' H 


m 


||*^r|| f _i||s ||2 ds ||$ 2 ’|| / 7r\'^Hm/^ 

\\^t\\ + WvMhW'^ JHrr, (2Ai,)^ ll'^’rll + ||^?M/x|P ^A/ 

(91) 

with dHm = ‘^{dM + I — dp) the dimension of Hm- Inserting fl9ll) and fl89|l in 
(| 88 |l . we obtain 




'Rx 


- g 2 Ai/^ 




I ^1 


I 


\\v 


'Mh\ 





m 


2 


2 " 



(92) 

Let us now insert this in fl 86 l) . We obtain a leading term depending on 
Tx and /(x). We can then determine using that for / = 1 this must 
reduce to the leading term in 2) of Theorem 11.61 Thus, recalling that 
jp\Xypip)'^ dVpip) = 1 (see |BDj Theorem 4.11) and noting that du^ + 
djq^ = 2 ^^^ + 1 — dp we obtain that the leading order term in fl 86 |) is given 
by: 


<^M + “ 


. g-2A,^ll^^ll2 


C(m, Up) ■ 

II *^t| 


TT 






■ 2 -^ 

1 


• Tx = 


1‘^rll + IlhM/ill^ {^/ 2 '^^)‘^ 1 ' 


-1 


du^2 2 - h/p 


TT 


dM- — +2 


g-2A.yrni2 


'Dijn) ||<|)^||'^M+i-^+^ 

(93) 


and we hnd that 


‘P(m)(||<l>T|l + llttoin 


The leading term become: 


( 94 ) 
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(\/27r)'^r 


-1 \ 71 




/(m)e 


-2Aj. 


T)(m) ||<j)^||‘^M+i--f+- 


This complete the proof of 2) and of the Theorem. 


(95) 

□ 


9 


Proof of Corollary 



Proof. 

We start considering the trace of Ti,^ Mrif]- 


‘^{T^cMAf]) = [ T^oMAAA^AdVxix). 

J X 

Now we observe that is rapidly decreasing away from a 

shrinking neighborhood of So, using a smoothly varying system of 

adapted coordinates centered at points x G we can locally parametrize 

a neighborhood U of Xq^^^ in the form a; + t, where x G Xq^^^ and t G N^- 
This parametrization is only valid locally in x. We introduce a partition of 
unity on Xq^^^ subordinate to an appropriate open cover and we simplify the 
notation leaving this point implicit. 


‘^{AGMAf])=[ [ T^aMAAA + '^y^ + AdtdVxA). 

In view of Theorem 11.131 the asymptotics of the previous integral are 
unchanged, if the integrand is multiplied by a cut-off of the form p(fci8|| t||), 
where g G C^(M) is identically equal to 1 in some neighborhood of 0. 

"^{Ti^oMAf]) = / T^aMTi^ + '^^'>^ + Ad{k^\\t\\)dtdVx{x). 

Let us now operate the rescaling t = ;^. We can now make use of the 
asymptotic expansion in Theorem 11.131 with rii = u. We obtain: 
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'Xa. 


l/rp 


( a:+^,a; +-^ ) ^\u\\)dudVx 


= k' 




(\/2) 


d J-— 1 d 7" — 1 


l^T 




, dp—1 

CLm 9 


71 ) 




_“'-.(fc-i 

^2 +^D(7r(a;)) 


u||)(iu(iVx(a;) + • • • 
(96) 


where dp = do + dT and the dots denote lower order terms. Now we eval- 
nate the Ganssian integral, that is the same of fl75D in the Corollary 11.121 
Snbstitnting the resnlt in fl96|) we obtain the following expression: 




dl 


m 


vt 




dM—dp+1 


2dT-^X^T-^ TT J 

f /(7r(a:))||$r(7r(a;) 

The proof is complete. 


I —dM-\-dp—2 


P(7r(a;)) 


-dVx{x) + 
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